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SCIENTIFIC REPORTS
their purpose and place

THE EVER INCREASING NEED TO BE INFORMED has caused an
ever increasing volume of publications. The very quantity
of these publications, however, makes it difficult to satis-
fy the need, because it becomes more and more arduous
to locate the literature pertinent to any one subject; and
because any one of us becomes more and more weary of
having so much to read. Moreover, only a small minority
of these publications may help satisfy the need, because
an overwhelming majority is void of content.

Consequently, it 1s imperative to present to the public
only manuscripts which do carry new information without
undue verbiage; hoping to be judged not by the number
of published pages but by their quality. In particular,
papers in the field of Applied Mathematics ought to be
published only if they contain one or more of the follow-
ing items: new basic results, new methods, new applicat-
ions, new numerical results, new presentation of difficult
and important topics, up-to-date bibliographies; and if
the number of their pages is not dictated by the desire of
imposing upon the superficial reader.

To discharge our contractual obligations, we publish
Technical or Scientific Reports, such as the one you now
have in your hands. It has been our constant policy to
see to it, that they satisfy the above strict criterion.
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PARKE MATHEMATICAL LABORATORIES, Inc.
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Electron Straggling
Theory and Calculation

Nathan Grier Parke III

Introduction.

In the course experimental work on the effect of the passage
electrons through a foil on its resistivity, this laboratory undertook
some routine calculations of the distribution of the electron energy losses
about the mean at different depths in the foil. The initial reference used
was "The Passage of Fast Electrons Through Matter: by R. D. Birkhoff, in
Volume XXXIV of the Encyclopedia of Physics, Springer, Berlin 195¢
pp. 53-138. This starting point quickly lead to the classic paper of
L. Landau: J. Phys. USSR, 8 201 (1944) and a paper by T. Blunck and
S. Leisegang: 2. Physik 128 500 (1950). We had some difficulties makinz
a calculation that had sufficient validity and avoided enough complicatic-:
to be useful and tractable. A report of the technical details of this
vork seems justified.
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Importance of Landau's Theory.

A discussion of Landau's paper and theory is important because of
the role it plays in the subsequent Blunck and Leisegang work and in
the Birkhoff article in the current edition of the massive Handbuch of
Physics, edited by S. Flugge and published by Springer, Berlin. In
addition, there is an article by Wolfgang Bgrsch-s\xpm: "On the Evaluation

of the Function
Cxid

Y SRR S
e

(1) M = =

C-{w
for Real Values of N ," Journal of Research of the National Bureau
of Standards - B. Mathematics and Mathematical Physics, 65B 245-250 (1961).
This function ¢(») 1s Landau's "universal function", describing the
transformation of the spectrical distribution of energy. It is the function
that was first calculated numerically by the calculation Bureau of the
Mathematical Institute of the Academy of Sciences of the USSR. The
BSrsch-Supan paper presents a table of the function ¢(M to five signi-

ficant figures covering the A range: -4 (0.(@5) 4.8 (0.1) 20 (0.2)50(0.5)1G"

Blunck and Leisegang base their work on a 4+ 2% approximation of the

Russian calculations as the sum of four Gaussian distributions, i.e.,

(2) 0 = Z,C'“? [‘ Z;—:i)z]

with coefficients:

~ 1 2 3 L
cy 0.17h 0.058 0.019 0.007
Ay 0.0 3.0 6.5 11.0
3y 1.8 2.0 3.0 5.0

valid over the range —2 <A £ IS , with an error of + 2%.

_
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By "straggling" is meant the variation in the amount of energy lost
by successive particlespassing through the medium. To calculate the
straggling, 18, in theoretical terms, to find the probability density -f(hA)
of energy loss A after the electron has traveled a distance x in the
medium. Landau's solution §£(x,8) 1is related to his universal
function 4(X) 1in the following way

()
(3) fan) = —
g
where,
t - ZTNC‘f Zz
myt ZA
»= B-g(nE +1-€)
L
C - 0.577 ... .=, Euler's constant

Io =13.5 &V ,=. an ionization potentiaj.

A Discussion of the Landau Theory.

Landau bases his solution on differential-integral equation.

o
9 Hx, A)

~ gwci\ [{»(A,A-i\ - F(x,A)]Jf,

4

(%)
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where W) =W (B, ¢) 1s characterized as the probability (per unit
length of path) of an energy loss ¢ for a particle of energy Eo, where

the ionization losses are considered to be small compared with E,. For
W(¢) he takes,

‘TCNge."ZZ |

(5) wie) = Sa &

where, .=. Avogadro's number

.=. mass of electron

m

€ .=. charge of electron o
V" .=. related to E, by E, = 'ﬂi-
§ .=. density of substance

2 2 .=. sum of the atomic numbers of the molecules
in the substance

2 A .=. sum of the atomic weights.

The reasons given for equations (4) and (5) left the writer with an uneasy
feeling and an attempt was made to find a more satisfactory derivation. One
specific cause of uneasiness is the fact that the classical probability
density for energy loss § 'per collision" is e l/¢"in fact

i‘{l L
(6) Wi(s) = Tt &t b f.¢ 8 <€,
o ) otherwise

If there are mg collisions per unit distance, and

(7 i': 1 70 MEINRRY. £ne

is the random sum of the energy losses in these h, collissions, the f,*
is the energy loss per unit distance and
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o £,
. , +ser o E3:
(%) weeh) = - ) e [f——,- —--Jz] ds
@

iy tnez d.stribution of the £* instesd of {-). The only conclusion one

c¢an veach; knowing Landau's stature and ability, is that his results are
nsurrest oo the order of accuracy he has in mind but their justification

rar oe ¢fated less elliptically. This can be done if we derive equation (4)
"vellrsion by collision' rather than 'per unit distance.

To begin with let us compute the distribution function

)c(m-!, A)

L}

. probability density for energy loss O
after n+&t  collisions

in a function of

[}

£in, »)

. probability density for energy loss A

after n collisions

It 1s clear that
(= 8)

(9) flne,n) = SW.ci)f, (n, n-t)de

2]

and hence that the finite difference

’)F(n,A\ B (T —fr(n 5) ’
T - —"“‘_“‘1 T = YW.(H [_f(n,u-{) —f(n,o)]cli

If we write

£G0) = flnex,s)

wWizle h, .=. average collisions per unit length

N=n,X .=. collisions in length X
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then _ o0
‘ 4 (»,8) r
Oo) . = g nowt({) [{(X)A%) “I(*,A\]Ji
SJ'I\CG.\
of (x,5) ™f (v o) ~
(10) =2~ e = No (foan) - f¢,

and dropping the bar and writing

(11) W(i) = Ny W\Cf)

= [wer [0, 0-0 - fixm]is

(10™ 2 (x,8)
X

we obtain the Landau differential-integral equation (5) and need an
estimate of N, . 1In the first place
ed—

(12) ¢ =T

where b 1is the "impact parameter" of the collision. The electrons thac
will "collide" with the incoming electron will lie within the range b,
and b, corresponding to max and min energy loss per collision. For
an electron traveling unit distance the colliding electrons will f£ill
volume Tt(b:- B:) 1 or

4
(13) e (.-‘; -~ ‘L\ ( em3 /cmpoth

° ' £, >

The density of '"fixed" electrons is

Ng S 7 ( electrms )

(14) Cm?
2A

\

1

3

7
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so that
xe*Ne3Z /5, -5, theekong )

(15) e = E SA ( z.t.) ) . path

a
(16) W) = P
where,

a wetNg 22

1
(17) E. A

The physical argument involves two reasonable assumptions:
A. it makes no physical sense to estimate ?f/@n closer

than a difference quotient involving a single collision.

B. X==%% is a sufficiently good estimate of the depth reached
<

in N collisions so that we can equate

(18) % n, (ftne,a) - £(n,a))

X

The preceding discussion shows that § in W(%) stands strictly for the
energy loss per impact and “L:;-L = W&} is the probability density for
o

this loss.

Landau's Approximating Solution of His Differential Integral Equation.

Landau's approximating solution of his differential-integral equation

was reached by the use of Laplace transforms. Let

(19) ¢(X, f) = S f(;,A)Q-PAJL

L 4
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Then, by the inversion theorem,

i 4 g
@ foa) = s (e a0 d
-+

Taking the Laplace transform of equation (5) gives

Rd(x,p) C —p€
(21) .%_;_ = - d0x, ) [w(z)(l—e )de

because,

(N

- T -¢b -
RV

(-]

- & e-r(A'*‘i) f(x, 0') 48’

- e"‘r‘ ge ’ g(l,h')éA’

o

Equation (21) is now an ordinary differential equation in %X satisfying the
initial condition,

-(—(O,A) = S(A) or ¢(°,f)’1

The solution is therefoteav
—n fwer(i-e™)ds
(22) éGrp)= e °
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or, more clearly

-, (1~ C.(Q))

(22") PO,p) = e
where,
O
o
W
(23) <, ) = g (w)e " dg .=. moment generating function
° for the probability density
wie) for energy loss per
collision.

It then follows that,

| . -
Lo T
( ) = - °
(24) f X, 8) o g e ¢

This Landau's general expression for the distribution function s in terms
of the function W(g) where W(¢}d€ 1is the number of collisions per

unit path length with energy loss between € and f€+44g. To proceed further,
Landau, in effect, takes:

(16 wer = 3
a Te4Np 22
E. 2A
f| = (‘-P )I ep
AE,

F’%t ) I=I°Z

i.'_._.c ) Io‘ |3.$¢_v
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To eece this, we follow his steps where he approximates the integral

-
(25) fwu.\ (1-¢" v )4 -r (iwu\as + ywu)(l- bt )dg

‘.
where £, & s ¢ t . To evaluate the first integral on the right

hand side he refers to a result from Livingston and Bethe, Rev. Mod.

Phys. 9 245 (1937), i.e.,

2

) : N
(26) S.iwa)di = q[n_i;‘ | O €° = 4“04&‘)5? *(;..

We notice that if we take W(f) = 5—,_ in the region £ <t < £
¢° :
3
gf_w(ﬂdi = d%i;—
‘
,l
and that in effect Landau uses the law

wig) = %/¢*

over the interval £, to €, e . In addition he makes the approximation

e ~P*

- 4 b

in the region, $,.<% <<° . This will work for sufficiently small ri;
Integrating the second term on the right by parts

P} (-]
-pk - -rs
I R
£ T pf <
fi t .

Substituting - stz and noting that again that

‘_‘.(1 etY) 41



PARKE MATHEMATICAL LABORATORIES, INCORPORATED
ONERIVERROAD  CARLISLE, MASSACHUSETTS

0
gives o0 -1
L (- e d
_f g Pe Ai = 1+ &
¢° C'f 1 oo
1 4 c-i ( e~z
: 2 — =~ d
= f -+ ( 7 Y da + = z
wh 1 o £} ‘
ere
1 o0 (Ryshik-Gradstein:'"Tables
~i_‘ e'%‘h C of Series, Products, and
2 i + - #*t . - Integrals," VEB Deutscher
2 2 verlag der Wiss, Berlin,
0 ! 1957 p.306)
where
(: = 0.577216 ..%.Euler's constant
Hence
o9 *f_
= °
(27) g“f Aaaf(i-—C-*"*t")
€
i.
and

o9 . f.o
(28) Swm(l-e'") = |»a(1-¢ ~dm b5t ) - pa In €/

= pa (4= C- tnps,)

We can now write,

+ieb < [A“%(l—c-‘“"‘)]
fon) = L S e..b dp

2w
—:‘ 'S a

If we write

(29) ;za, , u_,_?g
A= %‘&t/i‘+ ¢ -1

-10-
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Then
()
(30) fo,8) = —-g———'
where toes
udu + Au
(31) 4’0‘) = 1 e
2x ¢
Y X1

is Landau's "universal function, carefully studied and calculated by
Bgrsch-Supan.

Physically it is seen that Landau makes two assumptions
A. The distribution w(&) = Ugt , £, ¢c5 <,
° ) d“b‘ﬁ“(
Ty =3
(-8') I p
- @
4¢€,

where £,

B. We don't have to estimate €, because the contribution to the
energy loss 1s negligibly increased by taking €, 2o

instead of fuuy -

An Alternative Approach - The Method of Moments.

After critically examining Landau's solution, several alternatives
to obtaining a tractable solution suggest themselves. In the first place,
if w,l€) 1is the probability density for the energy loss in a single
collision and we take XN, to be the number of collisions in going a distance x,
Then the moment generating function ¢0‘. f) is given by

(3) dix,p) » [.C'(H ]"" - en.x,‘u [1- (1- c.q))

-11-
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where,
o0
-4
(33) Cup) = gw,(t)e de
o
but .
t 3
Wiog) v -2-% -Z-2
Or we get
-~ g >3 [““N] S
{33") 4(x,p) = € -

to compare with the Landau solution via the differential-integral equation

¢Oxup) = e ™t ¢ G-eml}

To compare the two in another way, e.g. in their estimate of the first

two moments, notice, that

Cp) a Y W) e tids

oo( Q"
wl(i‘ Z --!;T Ji

o\/\gomg

-2 5w
where o
ph 2 Sw.ti)i“c‘i R Mk Mmem eud a{e
[ 4
or
C.(f," 1‘ N.P‘f '%"_ Esi,. v’-,..

hence the name moment generating functiom.
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1f nox
o) ~ [apl™ = [-pre Bl
then
8 »
by A-Ap Sy
Dé (!,t)\ -A
'bp -
r-
?’40‘,:) - B u‘
&'a\“z b'—u ’
bot . toxet
ﬁ%ﬂ s onen [ 1- g + B 1 (=4 Map)
'DP t“" = ~A 2 =MexXf = -TMxt
Vs, p) fy Mo -2 b
S =) [iobp e frp ] e
_ Hi 2] e~
» + W, [1 N«f + = ‘.l (’(,)
,-b‘l
Mt = S = "o*(“gl-l)bl:"ﬁ-".%ﬂb
‘)p .
¢
Omd —
\ B~ A" = h“*(Nz‘N:\ = n""rj
‘ A = nxi

-13-
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Li ) M the other l’\and)
dx,p) = e-m*(u—c.cp) = 4-Ap+ %—‘,2,...
. Q-V\oﬁ (“( r“ v%)
L 2 1
Ao (- B0 2 Gt G- B
« 1= Nerpp, p + 1 [noﬁ}lli- (m%)lp?']t’m
g0 cthat
A= noxp, = Nexg
B (M.x\lp." + (o) 4,y
ﬂwr\
LB-— Al = NQ% ‘l‘l

The implication of this result is that the variance of [\

computed by

the Landau differential-integral equation will be too large by a factor

.

F‘\. -P."
But
r 2%
.5, d¢
u = S‘ <
£, -¢, 3
z
[
¢2
€%,
M‘L - _i-—-—-g oli
£.-~§, 3

1
(- W
Re
. R £
{ — %/,
2
£,
- i‘i‘ > ‘lﬁ‘

-14-
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Hence, 1
! - - {
v f.5, (hetve)? .
‘“ M; 1 - __.l——--—-w > - T
B (€v-50® 1 - ’i’.‘.‘.“_‘%
Cu=n
where
M= {Z: - 2—% = &};LL‘ = 2xw’ .=. in a case of interest,
] o
hence,
i 1 .
T - & 14 $r0”
{ = EL_. { - 2. 105y (diny
“1 (1‘\“:) [Y

(AQ/\&&“— 2.3y 36 rony = 4—.\&-)
Also,

?
lwe R - 0 o by o0
”'l- t

It would seem, as might be expected on the grounds of the reasonableness
of both models ,that the numerical error is small. Nevertheless, the

expression based on random walk, i.e.,
NeA
(32) ¢G,p) = [ap)
where
- pf
(33) Cip) = | Wie)e ds

where

VV,(() .=, distribution of § , energy less per collisic:
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seems conceptually simpler and may lead to a more tractable inversicu to
obtain j’-(x‘m . This inversion is being worked on but has so far resisted

all attempts.
On the satisfactory solution of the inversion problem rests the easy

calculation of straggling due to windows in series.
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